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A Tighter Reachable Set Bound for Linear Systems Subject to both
Discrete and Distributed Delays
Zhiqiang Zuo, Youhua Fu, Yijing Wang, Chanying Li and Michael Z. Q. Chen
Abstract— The problem of reachable set bounding for a class
of linear systems subject to both discrete and distributed delays
is addressed in this paper. First, a new criterion is derived to
give an ellipsoid which bounds all the states starting from the
origin by inputs with peak-values. The constraint with a special
structure that appeared in our previous result is removed by
combining the Jensen integral inequality and the reciprocally
convex approach. In addition, the obtained condition brings
a tighter reachable set estimation with lower computational
complexity. We also extend the above result to systems with
polytopic uncertainties. Finally, an example is presented to
illustrate the merit of our proposed method.
I. INTRODUCTION
It is well known that the concept of reachable set plays an
important role in control theory, which has broad applications
in state estimation, peak-to-peak gain minimization, and
control systems with actuator saturation. To mention a few,
we refer to [1], [3], [9], [10], [12], [14]. Generally speaking,
reachable set for a dynamic system is a closed bounded set.
It characterizes a region inside which all the states starting
from the origin by inputs with peak values will not escape
this region all the time. In 1994, Boyd et al. [2] derived
a condition using the standard quadratic Lyapunov function
and S-procedure, where an ellipsoid is given as an estimate
of the reachable set.
Another issue which is often encountered in practice is the
presence of time delays, such as in economics, mechanics,
hydraulic and rolling mill systems, chemical processes and
long transmission lines in pneumatic systems. The presence
of time delays usually degrades system’s stability and per-
formance. Much effort has been devoted to stability analysis
and controller synthesis in the past several decades (see [5],
[6], [7], [8], [15], [16],[18], [20] are references therein).
For reachable set estimation for systems with time delay,
there have already been some results available. Fridman et
al. [4] provided a delay-dependent condition by applying the
Lyapunov-Razumikhin approach. Five positive scalars have
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to be treated as tuning parameters to find the “smallest” pos-
sible ellipsoid. A modified Lyapunov-Krasovskii functional
was proposed with less conservativeness in [11]. However,
the result involves seven matrices and one scalar to be
determined. If the value of the derivative of time delay is
large, this method will yield a bigger ellipsoid bounding
the reachable set than that in [4]. Some improved LMI
criteria were established to find an ellipsoid bound of the
reachable sets for uncertain systems with time-varying delays
and bounded disturbances in [13]. We emphasize that the
common Lyapunv-Krasovskii functional has to be chosen
if there exist polytopic uncertainties in system matrices
in these papers. Recently, Zuo et al. [21] considered the
reachable set bounding for delayed systems subject to both
polytopic uncertainties and bounded peak inputs. The max-
imal Lyapunov-Krasovskii functional, which is constructed
by taking pointwise maximum over a family of Lyapunov-
Krasovskii functionals, is chosen to derive some new con-
ditions bounding the set of reachable states. The resulting
bounding set is no longer an ellipsoid but the intersection
of a family of ellipsoids. As a consequence, much tighter
bound of the reachable set can be obtained.
It is noted that all the above results are dealing with
systems with discrete delays. On the other hand, another type
of time delays, namely, distributed delay, is a suitable model
for the feeding system and combustion chamber in a liquid
mono-propellant rocket motor with pressure feeding [17] and
filter design in signal processing [19]. However, little work
has been devoted to the reachable set estimation for systems
with both discrete and distributed delays. More recently, Zuo
et al. [22] made the first attempt to finding an ellipsoid
bounding the reachable set for such systems. However, some
useful terms were ignored in the derivation process. In
addition, there is a constraint with some special structure
on the final expression of the derivative of the Lyapunov-
Krasovskii functional in [22]. These aspects will inevitably
lead to conservativeness for the obtained condition. This
motivates us to establish some relaxed results with tighter
bound of the reachable set for such kind of systems.
In this paper, we will revisit the problem of reachable
set bounding for linear systems with both discrete and
distributed delays. Inspired by the reciprocally convex ap-
proach in [20] and the Jensen inequality, a new approach
is proposed to remove the structure constraint imposed on
the final expression of the derivative of the Lyapunov-
Krasovskii functional in our previous result [22]. Moreover,
the obtained condition gives a more accurate description
of the reachable set with lower computational complexity.
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We also extend the above result to systems in the presence
of polytopic uncertainties in system matrices. Finally, an
example is provided to illustrate the effectiveness of our
proposed method.
Notations. The notations used throughout the paper are
standard. Rn denotes the n dimensional Euclidean space. The
superscript “T” denotes matrix transposition, and “I” and “0”
denote the identity and zero matrix with appropriate dimen-
sion. The notation P> 0 (P≥ 0) means that P is symmetric
and positive definite (positive semi-definite). Matrices, if not
explicitly stated, are assumed to have compatible dimensions.
For a matrix P > 0, denote an ellipsoid E (P,1) := {x(t) ∈
Rn |xT (t)Px(t) ≤ 1}. Matrices, if not explicitly stated, are
assumed to have compatible dimensions.
II. PROBLEM FORMULATION AND PRELIMINARIES
Let us consider a class of linear systems with both discrete
and distributed delays
x˙(t) = Ax(t)+Dx(t− (t))+E ∫ tt−h x(s)ds+Bu(t),
x(t)≡ 0, ∀ t ∈ [−max{h, ¯},0],
(1)
where x(t) ∈ Rn is the state vector and u(t)∈ Rm is the input
with bounded peak value
uT (t)u(t)≤ u¯. (2)
System matrices A, D, E and B are constant matrices of
appropriate dimensions. Here, (t) is a time-varying discrete
delay satisfying:
0≤ (t)≤ ¯ , ˙(t)≤  ≤ 1, (3)
where ¯ and  are upper bounds of the time-varying delay
and its derivative, respectively. Moreover, h is the constant
distributed delay.
In this paper, we are interested in finding an ellipsoid
E (P,1) as small as possible to give an estimation of the
reachable set for system (1). The following lemmas will be
useful in establishing the reachable set criteria for system (1)
throughout the paper.
Lemma 1: [6] For any matrix M > 0, the following in-
equality holds:
(∫ t
t−h
f (s)ds
)T
M
(∫ t
t−h
f (s)ds
)
≤ h
∫ t
t−h
f T (s)M f (s)ds.
Lemma 2: [20] Let scalar functions f1, f2, ..., fN : Rn → R
be positive in an open subset D of Rn. Then the reciprocally
convex combination of fi over D has the property:

i
1
i fi(t)≥i fi(t)+i= j gi, j(t),
subject to{
gi, j : Rn → R,gi, j(t) = g j,i(t),
[
fi(t) gi, j(t)
g j,i(t) f j(t)
]
≥ 0
}
,
where the real numbers i satisfy i > 0 and ii = 1.
Lemma 3: [2] Let V be a Lyapunov function for system
(1). For any positive scalar  > 0, if
d
dt
V (x)+V(x)− 
u¯
uT (t)u(t)≤ 0,
then we have V (x)≤ 1.
III. MAIN RESULTS
Now we are in a position to present our main result.
Theorem 1: If there exist positive definite matrices P, Q,
R, S, Z and compatible matrix F , and a scalar  > 0 such
that
e1(hQ+R+S+P)eT1 + e1PeT6 + e6PeT1 − e
−h
h
e4Qe
T
4
− (1− )e−¯e2SeT2 − e−¯e3ReT3 − u¯ e5e
T
5 + ¯2e6ZeT6
− e−¯
[
(e2− e3)T
(e1− e2)T
]T [
Z F
FT Z
][
(e2− e3)T
(e1− e2)T
]
< 0
(4)
and [
Z F
FT Z
]
≥ 0, (5)
where
e1 =
[
I 0 0 0 0
]T
,
e2 =
[
0 I 0 0 0
]T
,
e3 =
[
0 0 I 0 0
]T
,
e4 =
[
0 0 0 I 0
]T
,
e5 =
[
0 0 0 0 I
]T
,
e6 = (AeT1 +De
T
2 +Ee
T
4 +Be
T
5 )
T
=
[
A D 0 E B
]T
.
Then the ellipsoid E (P,1) is an estimation of the reachable
set for system (1).
Proof: Let
T (t) = [xT (t) xT (t− (t)) xT (t− ¯)
(
∫ t
t−h x(s)ds)
T uT (t)].
It is easy to verify that
x(t) = eT1 (t), x(t− (t)) = eT2 (t),
x(t− ¯) = eT3 (t),
∫ t
t−h
x(s)ds = eT4 (t),
u(t) = eT5 (t), x˙(t) = eT6 (t).
Here, we consider the Lyapunov-Krasovskii functional as
follows:
V (xt) =V1(x)+V2(xt)+V3(xt)+V4(xt)+V5(xt), (6)
where
V1(x) = xT (t)Px(t),
V2(xt) =
∫ t
t−h
e(s−t)(h− t+ s)xT (s)Qx(s)ds,
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V3(xt) =
∫ t
t−¯
e(s−t)xT (s)Rx(s)ds,
V4(xt) =
∫ t
t−(t)
e(s−t)xT (s)Sx(s)ds,
V5(xt) = ¯
∫ 0
−¯
∫ t
t+
e(s−t)x˙T (s)Zx˙(s)dsd .
By calculating the derivative of V (xt), we have
V˙ (xt) = V˙1(x)+ V˙2(xt)+ V˙3(xt)+ V˙4(xt)+ V˙5(xt) (7)
where
V˙1(x) = 2xT (t)Px˙(t)
= T (t)e1PeT6(t)+T (t)e6PeT1(t) (8)
V˙2(x) = hxT (t)Qx(t)−
∫ t
t−h e(s−t)xT (s)Qx(s)−V2(xt)
≤ hxT (t)Qx(t)−V2(xt)
− e−hh
(∫ t
t−h x(s)ds
)T
Q
(∫ t
t−h x(s)ds
)
≤ T (t)e1hQeT1 (t)− e−hh T (t)e4QeT4 (t)−V2(xt)
(9)
V˙3(x) = xT (t)Rx(t)− e−¯xT (t− ¯)Rx(t− ¯)−V3(xt)
= T (t)e1ReT1 (t)− e−¯T (t)e3ReT3 (t)−V3(xt)
(10)
V˙4(x) = xT (t)Sx(t)−V4(xt)
−(1− ˙(t))e−(t)xT (t− (t))Sx(t− (t))
≤ xT (t)Sx(t)−V4(xt)
−(1− )e−¯xT (t− (t))Sx(t− (t))
= T (t)e1SeT1(t)− (1− )e−¯T (t)e2SeT2(t)
−V4(xt)
(11)
V˙5(x) = ¯2x˙T (t)Zx˙(t)− ¯ ∫ tt−¯ e(s−t)x˙T (s)Zx˙(s)ds−V5(xt)
≤ ¯2x˙T (t)Zx˙(t)− ¯e−¯ ∫ tt−¯ x˙T (s)Zx˙(s)ds−V5(xt)
= ¯2x˙T (t)Zx˙(t)−V5(xt)
−¯e−¯
[∫ t−(t)
t−¯ x˙T (s)Zx˙(s)ds+
∫ t
t−(t) x˙T (s)Zx˙(s)ds
]
≤ ¯2T (t)e6ZeT6 (t)−V5(xt)
−¯e−¯ 1¯−(t)
(∫ t−(t)
t−¯ x˙(s)ds
)T
Z
(∫ t−(t)
t−¯ x˙(s)ds
)
−¯e−¯ 1(t)
(∫ t
t−(t) x˙(s)ds
)T
Z
(∫ t
t−(t) x˙(s)ds
)
= ¯2T (t)e6ZeT6 (t)−V5(xt)
−e−¯T (t) ¯¯−(t) (e2− e3)Z(e2− e3)T(t)
−e−¯T (t) ¯(t) (e1− e2)Z(e1− e2)T(t)
(12)
By combining (8)–(12), we obtain:
d
dtV (xt)+V(xt)− ¯u uT (t)u(t)≤ T (t)(t)
−e−¯T (t) ¯¯−(t) (e2− e3)Z(e2− e3)T(t)
−e−¯T (t) ¯(t) (e1− e2)Z(e1− e2)T(t)
≤ T (t)(t)−
e−¯T (t)
[
(e2− e3)T
(e1− e2)T
]T [ Z F
FT Z
][
(e2− e3)T
(e1− e2)T
]
(t),
(13)
where
 = e1(hQ+R+S+P)eT1 + e1PeT6 + e6PeT1
−(1− )e−¯e2SeT2 − e−¯e3ReT3 − e−hh e4QeT4
− ¯u e5eT5 + ¯2e6ZeT6 .
and (13) comes from Lemma 2 as
⎡
⎣
√ 
 (e2 − e3)T
−
√

 (e1 − e2)T
⎤
⎦
T [
Z F
FT Z
]⎡⎣
√ 
 (e2− e3)T
−
√

 (e1− e2)T
⎤
⎦≥ 0,
with
[
Z F
FT Z
]
≥ 0 and  = (t), = ¯− (t).
If conditions (4) and (5) are satisfied, we know that
d
dt
V (x)+V (x)− 
u¯
uT (t)u(t)≤ 0.
Using Lemma 3, it follows that V (xt) ≤ 1, which further
implies that V1(x) = xT (t)Px(t) ≤ 1. Now we can conclude
that the reachable sets of the system (1) is bounded by the
ellipsoid E (P,1).
Remark 1: Note that the reciprocally convex approach is
applied when we estimate the upper bound of the deriva-
tive of Lyapunov-Krasovskii functional. More specifically,
we partition the integral
∫ t
t−¯(•)ds into
∫ t
t−(t)(•)ds and∫ t−(t)
t−¯ (•)ds in (11) to construct conditions where the re-
ciprocally convex approach plays a key role. As a result, the
useful term which was ignored in [22] is retained. Thus, we
can expect a more accurate estimation of the reachable set
for system (1).
Remark 2: Another issue we want to emphasize is that
in [22], the final expression of the derivative of the
Lyapunov-Krasovskii functional is limited to be in the
form of
∫ t
t−h(•)ds, which involves a constraint of some
special structure. However, such a limitation is removed
in this paper by handling
(∫ t
t−h x(s)ds
)T
Q
(∫ t
t−h x(s)ds
) ≤
h
∫ t
t−h xT (s)Qx(s)ds. Therefore, we can obtain a bound on
the reachable set with less conservativeness.
If there exist polytopic uncertainties in system matrices A,
D, E and B, that is,
= [A D E B ], (14)
and
=
N
i=1
ii, i ≥ 0,
N
i=1
i = 1, (15)
where the N vertices of the polytope are described by i =
[Ai Di Ei Bi], (i= 1,2, · · · ,N), it is easy to extend Theorem 1
for such a case.
Corollary 1: If there exist positive definite matrices P, Q,
R, S, Z and compatible matrix F , and a scalar  > 0 such
that
e1(hQ+R+S+P)eT1 + e1PeT6 + e6PeT1 − e
−h
h
e4Qe
T
4
− (1− )e−¯e2SeT2 − e−¯e3ReT3 − u¯ e5e
T
5 + ¯2e6ZeT6
− e−¯
[
(e2− e3)T
(e1− e2)T
]T [
Z F
FT Z
][
(e2− e3)T
(e1− e2)T
]
< 0,
(16)
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and [
Z F
FT Z
]
≥ 0, (17)
where
e1 =
[
I 0 0 0 0
]T
,
e2 =
[
0 I 0 0 0
]T
,
e3 =
[
0 0 I 0 0
]T
,
e4 =
[
0 0 0 I 0
]T
,
e5 =
[
0 0 0 0 I
]T
,
e6 = (AieT1 +Die
T
2 +Eie
T
4 +Bie
T
5 )
T
=
[
Ai Di 0 Ei Bi
]T
.
Then the ellipsoid E (P,1) is an estimation of the reachable
set for system (1) with polytopic uncertainties (14) and (15).
Remark 3: To further reduce the conservativeness of the
reachable set estimation for systems with polytopic uncer-
tainties, we can resort to the maximal Lyapunov-Krasovskii
functional method as [21] to derive a non-ellipsoidal bound
which is the intersection of some ellipsoids. In such a
case, each ellipsoid corresponds to a vertex of the uncertain
polytope.
In order to find the ‘smallest’ bound for the reachable
set, one may propose a simple optimization problem. That
is, maximize  subject to  I ≤ P which can be transformed
to the following optimization problem:
minimize ¯ (¯ = 1/ )
s. t.
⎧⎪⎪⎨
⎪⎩
(a)
[ ¯ I I
I P
]
≥ 0
(b) Inequalities (4)− (5) or (16)− (17).
(18)
IV. NUMERICAL EXAMPLE
To show the effectiveness of our result, we consider the
system with parameters:
A =
[
0 1
−2 −3
]
,
D =
[
0 −0.1
−0.2 0.3
]
,
E =
[
0.2 0.2
0 −0.2
]
,
B =
[
1
1
]
, u¯ = 1
By solving the optimization problem (18), the resulting ¯ ′s
for different values of h with  = 0.6 and ¯ = 0.4 are listed
in Table I. For comparison, we also compute the ¯ ′s using
the method proposed in [22]. As we can see, much tighter
bounds are obtained by resorting to the method in this paper.
This is mainly because that we apply the reciprocally convex
TABLE I
COMPUTED ¯ ′s FOR DIFFERENT VALUES OF h WITH  = 0.6, ¯ = 0.4
h 0.1 0.3 0.5 0.6 0.8
This paper 5.7626 6.3177 7.0666 7.5419 8.6222
[22] 10.4048 11.9579 14.0318 15.2277 18.3854
TABLE II
COMPUTED ¯ ′s FOR DIFFERENT VALUES OF ¯ AND  = 0.6, h = 0.2
¯ 0.2 0.3 0.5 0.7 0.8
This paper 5.8474 5.9280 6.1267 6.3921 6.5584
[22] 10.7481 10.9283 11.3199 11.7587 11.9983
approach, when estimating the upper bound of the derivative
of Lyapunov-Krasovskii functional.
Table II is another comparison for different values of ¯ ,
which also implies that our method achieves an improvement
over the previous result [22].
To give a more explicit comparison, we solve the optimiza-
tion problem (18) with parameters h= 0.1,  = 0.5, ¯ = 0.2.
The computed results are listed below:
P =
[
0.5801 0.5169
0.5169 0.8437
]
,
¯ = 5.6036,  = 0.7
Fig. 1 depicts the bounding ellipsoids of the reachable set
for the two different methods. The solid line is the result
obtained in this paper while the dotted line is the one
computed by [22].
V. CONCLUSION
This paper has dealt with the problem of reachable set
bounding for linear systems subject to both discrete and
distributed delay. By using the Jensen inequality and the
reciprocally convex approach, we have derived a tighter
reachable set bound without structure constraint on the final
expression of the derivative of the Lyapunov-Krasovskii
functional. The results have demonstrated advantages and
less conservativeness compared with our previous work.
x
1
x 2
 
 
−3 −2 −1 0 1 2 3
−2.5
−2
−1.5
−1
−0.5
0
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[22]
This paper
Fig. 1. The bounding ellipsoids computed by different methods.
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